For the assessment of extreme responses needed in design of marine structures, a full long-term analysis is recognized as the most accurate approach. However, due to the very large number of structural response analyses traditionally needed for this approach, the computational effort is usually considered to increase above acceptable levels for complex structures such as floating bridges. This paper shows that the first and second order reliability methods (FORM and SORM) found in connection with structural reliability analysis can be used in an inverse manner to efficiently obtain approximate solutions for the full long-term extreme response of structures subjected to environmental loads, and this is demonstrated for floating bridges. Very accurate results are obtained using a limited number of short-term response calculations, and by applying a fast calculation method for the short-term stochastic response, full long-term extreme responses are calculated for two different pontoon floating bridges.
Introduction
Fjord crossing technology is currently a very relevant research topic in Norway, and floating bridges are among the structures that are considered. The design of more extreme yet reliable fjord crossing structures requires development of the methods for long-term stochastic response analysis. Even though full long-term extreme response analysis is recognized as the most accurate approach [1] , the computational cost associated with a large number of short-term response calculations is usually too large for complex systems, and simplified approaches such as the environmental contour methods are used [2] .
Recently, efforts have been made to reduce the number of required short-term calculations needed for a full longterm extreme response analysis in the general context of marine structures [3] [4] [5] . In addition, the short-term response analyses can be made more efficient using the method described in [6, 7] . In the present paper it is shown how these recent developments can be used to perform full long-term extreme response analyses for pontoon floating bridges.
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Stochastic modelling of waves
For a short-term period of durationT , the sea elevation is modelled as a homogeneous and stationary stochastic process with zero mean. The sea elevation process is denoted η(x, y, t), where x, y are the spatial variables and t is the time variable. Assuming linear wave theory, the wave number κ(ω) is a function of angular frequency defined by the dispersion relation ω 2 = κg tanh(κd), and the cross-spectral density between the wave elevation at two points (x m , y m ) and (x n , y n ) can be expressed in terms of a one-dimensional wave spectrum S η (ω) and a spreading function Ψ(θ, ω) as
Here ∆x = x m − x n and ∆y = y m − y n are the spatial separations of the points. For details we refer to [7] . The sea elevation is further assumed to be a Gaussian process which means that the cross-spectral densities provide a complete description of the process. Hence the wave situation is completely described by the wave spectrum S η (ω) and the spreading function Ψ(θ, ω). Various theoretical models given in terms of environmental parameters exist in the literature [8, 9] . In this paper we use the generalized Pierson-Moskowitz spectrum [9] given by
where H s is the significant wave height and T z is the zero-crossing period. The spreading function is of the cos-2s type, defined by a mean wave directionΘ relative to the x-axis and an ω-dependent spreading parameter s(ω) as
, where Γ(·) is the gamma function. Fig. 1 shows the wave spectrum S η (ω) plotted in the nondimensional scale ωT z /2π, and the spreading function is shown for different values of s(ω). In this paper we have used a constant spreading s(ω) = 10, but it could equally well be defined ω-dependent. Using these models the short-term wave situation is completely described by the vector of environmental parameters
Stochastic modelling of first order wave loads on pontoon bridges
In this paper we use as examples two different pontoon floating bridges: The Bergsøysund bridge with seven pontoons and a span of 913 m, located on the north-west coast of Norway, and a chained floating bridge [10] with 20 pontoons and a span of 4 km which is a new floating bridge concept. In Fig. 2 an illustration of the chained floating bridge is given, and the pontoon arrangement of the Bergsøysund bridge is displayed.
For pontoon floating bridges the structure will experience wave loads only where the pontoons are located. Considering the pontoons as rigid bodies, the bridge will experience loads in six degrees of freedom (dofs) from each pontoon, three translational dofs and three rotational dofs. Thus, for a bridge with N pontoons we have loading in 6N dofs, and we can define a wave excitation load vector q(t) = [q 1 (t), q 2 (t), . . . , q N (t)], where q m (t) denotes the 6-element load vector of pontoon number m. The individual components of the load vector q(t) can be denoted by q µ (t), assigning to each dof a global index µ ∈ {1, 2, . . . , 6N}.
Consider pontoon m with a local coordinate system (x,ỹ), which is located with its origin at the point (x m , y m ) and rotated counterclockwise with an angle α m relative to the global coordinate system (x, y) as shown in Fig. 3a . The wave excitation loads due to a regular wave with angular frequency ω in the directionβ relative to thex-axis of the pontoon can be computed using linear potential theory software such as WADAM [11] . The loads are then reported in terms of the 6-element complex transfer function vector f m (β, ω). Considering only first order wave loads, the wave excitation load process q m (t) corresponding to the wave elevation process η(x, y, t) can be obtained by superposition of loads from regular waves. This results in a stationary Gaussian load process q(t) with zero mean and a 6N-by-6N cross-spectral density matrix S q (ω) whose elements are given by
where the overline denotes complex conjugation. Here f µ (β, ω) is the µ-th component of the total transfer function
the complex transfer function of the dof µ.
A method for efficient calculation of the cross-spectral density matrix S q (ω) based on the expression Eqn. (1) is given in [6, 7] . In [7] the derivation of the cross-spectral densities is also explained in more detail. (h s , t z ) illustrated by its isoprobability contours. F.-I. G. Giske et al. / Procedia Engineering 00 (2017) 000-000 
Stochastic response of floating bridges
For a floating bridge with N pontoons, let u(t) denote the displacement vector corresponding to the same dofs as the load vector q(t). This means that u(t) gives the displacements and rotations of the bridge at the locations of the pontoons. Now the frequency domain representations of u(t) and q(t) given by their Fourier transforms are denoted u(ω) andq(ω) respectively, and the equation of motion can be written in the frequency domain as
Here M s , C s and K s are structural mass, damping and stiffness matrices, which can be obtained from a finite element model of the bridge structure. The frequency dependent hydrodynamic mass and damping matrices M h (ω) and C h (ω), as well as the hydrostatic stiffness matrix K h , can be obtained by assembling linear potential theory results for the individual pontoons. The details on establishing the equation of motion Eqn. (2) can be found in [12] . The equation of motion Eqn. (2) can be solved in the frequency domain by matrix inversion, givinĝ
where
is the load to response transfer function matrix. The relation Eqn. (3) implies that u(t) will be the response of a linear and time-invariant dynamical system, from which it follows that u(t) is a stationary Gaussian process with zero mean whenever q(t) is. Hence, the response process u(t) will be fully characterized by its cross-spectral density matrix, which according to [1] is given by
where [·]
H denotes conjugate transpose. This is referred to as the power spectral density method [12, 13] .
Short-term extreme value distribution
We now consider one component process u µ (t) of the response vector process u(t). This will be the displacement in the dof µ, so if for instance µ = 8 then u µ (t) will be the displacement in theỹ-direction (see Fig. 3a ) of pontoon number 2, and relative to the bridges in Fig. 2 this is the horizontal transverse direction. Now the maximal value of u µ (t) during a short-term period with given environmental variables W will be a random variable, we denote it byR|W, and we seek its cumulative distribution function (CDF)
Since u(t) is stationary and Gaussian with zero mean, so will u µ (t). As explained in detail in [1] , the short-term extreme value distribution FR |W (r|w) can be found by assuming independent upcrossings of high levels r as
which holds for reasonably large values of r. The i-th moment m i (w) of the response spectrum of u µ (t) is defined
is the auto-spectral density of u µ (t), i.e. the µ-th element along the diagonal of the cross-spectral density matrix S u (ω). Note that u(t) and S u (ω) depend on the environmental parameters w, though not written explicitly.
It should be noted that although Eqn. (1) and thereby Eqn. (4) are based on the assumption of homogeneity, which may be questioned for floating bridge applications, the general method presented in this paper is readily used along with other ways of calculating the short-term CDF FR |W (r|w). The only required assumption is that the response process can be approximated as stationary for some short-term periodT .
Long-term extreme response

The long-term extreme response model
For the modelling of long-term extreme response of marine structures, the long-term situation is commonly considered as a collection ofN short-term states, each of durationT . During each short-term state the environmental processes are assumed stationary and defined by a set of n environmental parameters W = [W 1 , W 2 , . . . , W n ], whose joint probability density function (PDF) is f W (w). In this paper we only consider the stochastic response of floating bridges due to wave loads, so the short-term period isT = 3h and the environmental parameters are
The long-term CDF of the short-term extreme value is denoted FR(r), and gives the distribution of the largest response valueR during an arbitrarily chosen short-term condition. This can be obtained as an average of the shortterm CDFs FR |W (r|w) weighted by the distribution f W (w) of the environmental parameters. Basic to the concept of long-term statistics is the assumption of ergodicity, and in order to make any estimation of f W (w) the ergodicity assumption is required for the environmental parameters [14] . Hence FR(r) should be expressed as an ergodic average [1, 14] . This yields the long-term extreme response formulation
Calculation of the M-year extreme response using inverse reliability methods
From the long-term CDF FR(r), characteristic values of the extreme response can be obtained. In this paper we consider the M-year extreme response r M , defined as the response level that is exceeded on average once every M years. When the short-term period isT = 3h there are M · 365 · 8 = 2920M short-term periods in M years. This means that the probability ofR exceeding r M is 1/2920M, and r M can be found by requiring 1 − FR(r M ) = 1/2920M.
Using a similar approach as in [4, 5] , the long-term CDF in Eqn. (5) can be rewritten in an approximate manner as
is a random vector containing the environmental variables W and a random variable Y defined by a conditional CDF F Y|W (y|w) = max 1
The function G r (v) is the so-called limit state function. In [4] C = 1 is used, but a larger value of C can be used to improve the accuracy of the approximation. Now the integral in Eqn. (6) can be solved using the first order reliability method (FORM) or the second order reliability method (SORM). The M-year extreme response r M can be obtained by using these reliability methods inversely as shown in [4] for inverse FORM (IFORM) and in [5] for inverse SORM (ISORM).
Results and discussion
In order to demonstrate the methods described in this paper, short-term response models were established for the Bergsøysund bridge and the chained floating bridge as described in Section 2, and the IFORM and ISORM methods were implemented in MATLAB. The response processes considered here are the horizontal transverse displacements of pontoon 4 (u 20 (t)) for the Bergsøysund bridge and pontoon 5 (u 26 (t)) for the chained floating bridge, see Fig. 2 .
Using a deterministic mean wave direction along the negative y-axis,Θ =θ = − π 2 , we obtain a 2D environmental model defined by the parameters Fig. 3b . Since it is only H s and T z that change between different environmental states, it is only the wave spectrum S η (ω) that must be computed repeatedly, while the integral in Eqn. (1) must be computed only once for each combination of dofs µ and ν. This results in very efficient short-term response calculations for the 2D environmental model.
We also consider a 3D environmental model where W = [H s , T z ,Θ]. The mean wave directionΘ is then assumed to be uniformly distributed between −π and π, and independent of H s and T z . Thus the PDF of the environmental parameters becomes f W (w) = f H s ,T z (h s , t z ) fΘ(θ), where f H s ,T z (h s , t z ) is the same as before and fΘ(θ) is a uniform PDF. Note that the environmental models do not correspond to a specific site, but serve to illustrate the general methodology.
The 100-year extreme response values r M , M = 100, for the selected dofs of the two bridges were calculated using the inverse reliability methods. For comparison, the method described in [3] using IFORM and importance sampling Monte Carlo simulation (ISMCS) was also applied. The extreme responses are given in Tab. 1 for the 2D and 3D environmental models, along with the number of required short-term response calculations n st . For the ISMCS method r M is reported asr ± s, wherer and s are the sample mean and standard deviation obtained when 100 independent runs of the method were performed, with each run requiring n st short-term response calculations. The efficiency of the 2D environmental model allowed for full numerical integration of the long-term CDF in Eqn. (5), and the corresponding exact extreme response values are therefore given in this case.
Comparing the results for the 2D environmental model, we see that all methods give good estimates of the 100-year extreme response. The ISORM method with C = 10 6 gives very accurate results. This choice for C was somewhat arbitrary, and further work should be carried out to investigate the effect of this parameter. The results for the 3D environmental model are consistent, indicating that valid results are obtained also in this case. Finally, it should be mentioned that even though IFORM and ISORM perform very well for this example, these methods do have some known difficulties. Nevertheless, the demonstrated methods could still provide valuable estimates.
Conclusions
It has been shown how IFORM and ISORM can be used to perform full long-term extreme response analyses for complex structures such as floating bridges. The methods provide good accuracy using only a reasonable amount of short-term response calculations.
